Abstract Delaminations in composite laminates may develop from small cracks due to fabrication and impact loading, or from places of high stress concentration. The locations of the delaminations are not determinate. In this research, an analytical solution for the free vibration of a composite beam with two overlapping delaminations is presented. The delaminated beam is analyzed as seven interconnected beams using the delaminations as their boundaries. The continuity and equilibrium conditions are satisfied between the adjoining regions of the beams. Classical beam theory is applied to each of the beams. Complex vibration behaviors emerge for different sizes and locations of the delaminations. Comparison with analytical results reported in the literature verifies the validity of the present solution.
Introduction
Delamination is probably the most frequently occurring damage in composite laminates due to its weak interlaminar strength. Delaminations may arise as a result of either imperfect fabrication processes or impact during service. The presence of the delaminations is known to cause strength and stiffness degradation, as well as changes of the vibration characteristics of the laminates. In particular, delaminations reduce the natural frequency, which may cause resonance if Christian N Della wishes to thank Nangyang Technological University for the scholarship. the reduced frequency is close to the working frequency. It is imperative that we should be able to predict the changes in the frequency, as well as the mode shape, in a dynamic environment.
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To study the free vibration of an isotropic beam with a through-width delamination, Wang et al. [1] presented an analytical solution by treating the delaminated beam as four Euler-Bernoulli beams that are joined together. By applying appropriate boundary and continuity conditions, the response of the beam was obtained as a whole. However, the vibration modes are physically inadmissible for off-midplane delaminations because the delaminated layers were assumed to deform 'freely' without touching each other and thus have different transverse deformations ('free mode'). Mujumdar and Suryanarayan [2] then proposed a model based on the assumption that the delaminated layers are 'constrained' to have identical transverse deformations ('constrained mode'). This 'constrained mode' approach was extended by Shu and Fan [3] on a bimaterial beam and Hu and Hwu [4] on a sandwich beam to include the effects of the rotary inertia and transverse shear deformation. A similar 'constrained mode' approach was proposed by Tracy and Pardoen [5] on a composite beam. Valoor and Chandrashekhara [6] extended this model for thick composites to include the effects of the transverse shear deformation and the rotary inertia. In addition, the Poisson effect was included due to its significance in the analysis of angle-ply laminated beams. However, the 'constrained mode' analysis failed to predict the opening in the mode shapes found in the experiments by Shen and Grady [7] . To simulate the 'open' and 'closed' behavior between the delaminated surfaces, Luo and Hanagud [8] presented an analytical model based on the Timoshenko beam theory, which uses piecewise-linear springs. The spring stiffness is then set to be equal to zero (0) for the 'free mode' and infinity (∞) for the 'constrained mode'. Saravanos and Hopkins [9] developed an analytical solution for predicting natural frequencies, mode shapes and modal damping of a delaminated composite beam based on a general laminate theory which involves kinematic assumptions representing the discontinuities in the in-plane and through-the-thickness [10] presented a finite element method to study the free vibration of delaminated asymmetric composite beams using refined locking free first-order shear deformable elements.
The above studies are on one-dimensional beam-plates with a single delamination. Two-dimensional plates with a single delamination have been numerically investigated. Zak et al. [11, 12] presented a finite element method using the first-order shear deformation theory. They modeled the delaminated region by using additional boundary conditions at the delamination fronts. Finite element methods using the higher-order deformation theory were presented by Chattopadhyay et al. [13] , Radu and Chattopadhyay [14] and Hu et al. [15] .
The multiple delaminations have been studied by a number of researchers. Shu [16] presented an analytical solution to study a sandwich beam with double delaminations. His study emphasized on the influence of the contact mode, 'free' and 'constrained', between the delaminated layers and the local deformations at the delamination fronts. Lestari and Hanagud [17] studied a composite beam with multiple delaminations using the Euler-Bernoulli beam theory with piecewise-linear springs to simulate the 'open' and 'closed' behavior between the delaminated surfaces. Lee et al. [18] studied a composite beam with arbitrary lateral and longitudinal multiple delaminations using the 'free mode' analysis and assumed a constant curvature at the multiple-delamination tip. Shu and Della [19, 20] used the 'free mode'and 'constrained mode' analyses to study a composite beam with two overlapping delaminations and two non-overlapping delaminations. Their study emphasized on the influence of a second short delamination on the natural frequency and mode shape of the delaminated beam. Finite element analyses were presented by Ju et al. [21] using the higher-order zig-zag theory and Kim et al. [25, 26] using the layerwise theory.
In this research, an analytical solution for the free vibration of composite beams with two overlapping delaminations is presented. The delaminated beam is analyzed as seven interconnected Euler-Bernoulli beams using the delaminations as their boundaries. The continuity and equilibrium conditions are satisfied between adjoining regions of the beams. Both the 'free mode' and 'constrained mode' analyses in the delamination vibration are used. The influence of the differential-stretching is included in the analysis. Results show that the sizes and locations of the delaminations significantly influence the frequency and the mode shape of the beam. The results of the present solution agree well with the analytical results presented in the literature.
Formulation
In this section the analytical solution for the vibration of beams with two overlapping delamination is formulated. Figure 1 (a) shows a beam with length L and thickness H 1 with two overlapping delaminations. The upper and lower delaminations are of lengths a 1 and a 2 , respectively, and located at distances d 1 and d 2 away from the center of the beam, respectively. The beam is considered as seven beams connected at the delamination boundaries ( Fig.1 (b) ). The two delaminations divide the beam into three layers with thickness H 3 , H 4 and H 5 .
Two assumptions were made in the literature on delamination buckling and vibrations. The first concerns the complicated changing contact between the delaminated layers.
